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LETTER TO THE EDITOR

Integrable systems admitting topological solitons

R S Ward and A E Winn

Department of Mathematical Sciences, University of Durham, Durham DH1 3LE, UK
Received 27 October 1997, in final form 15 January 1998

Abstract. We discuss (i 1)-dimensional sigma models and Heisenberg models in which
the target space has the topology of a cylinder. In these integrable systems, the solutions are
classified by a winding number.

1. Introduction

This letter deals with integrable ¢ 1)-dimensional systems, in which the configuration
space or phase space has disconnected sectors classified topologically by an integer (a
winding number). The general set-up involves a fiéld:, 7) taking values in some manifold
M. Herer € R denotes time, and € X is the space variable; eith& = R and we impose a
boundary conditionb (—oo, t) = ® (o0, 1), or X = S* (i.e. ® is periodic inx). Furthermore,
M is chosen so that its fundamental group equals the group of intBge3s for each fixed
t, ®(-,t) is in effect a continuous mapping from a circle ind, and it therefore has a
winding numberN € Z. As ¢t changes, this integer remains constant. One could also view
a solution® as wrapping the spacetim®é x R around the image manifold/, with this
mapping having winding numbe¥ (in an appropriate sense).

The prototype in theX = R case is the sine-Gordon equation, whéfe= S*. If we
think of ® as a two-dimensional unit vect@®d - ® = 1), then the sine-Gordon system
corresponds to the Lagrangian density

L=, &, —(1-K- ) (1)

where K is a constant unit vector. Hereaftet = (x° x!) = (¢, x) are the spacetime
coordinates; a subscript denotes partial differentiation; atid = diag(l, —1) is the
(inverse) spacetime metric. AN-kink solution of the sine-Gordon equation has winding
numberN.

In our examples will be the cylinderS! x R, which (at least to begin with) we think
of as the hyperboloid of one sheet R*. One can visualize the field as a closed string
which is wound around this cylinder, and evolves in time. Insteadpfet us use the
symbol ¢, denoting a three-dimensional vector satisfying

ﬂablﬂ“wb =1 2
where n,, = diag(l, 1, —1). The metric on the hyperboloid (2) is taken to be the one
induced by the metrig,,; M is then a symmetric spac®0 (2, 1)/S0O (1, 1). Two naturally

defined systems taking values a# are the nonlinear sigma model, and the Heisenberg
model (Landau—Lifshitz equation). Themodel is defined by the Lagrangian density

L= 30"y nay ®3)
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while the Landau—Lifshitz equations arise from the Hamiltonian density

H = 3Uiv N 4)
with Poisson brackets
(Y @), ¥ ()} = —=8(x — »)e Y (x)ncq. (%)

The analogous? systems, in whichy,, is replaced by the Euclidean metdg,, are of
course well known integrable systems; and their hyperbolic versions are therefore integrable
too, simply by analytic continuation. (By integrability we mean the existence of a suitable
Lax pair.) In fact, these hyperbolic versions have been widely studied in their own right:
cf [1-6]. The aim in what follows is to examine the simplest ‘winding’ solutions of the
systems (3) and (4), (5).

2. The hyperbolic Heisenberg model

The Landau-Lifshitz equation obtained from (4) and (5) is

U = 0 epa YL, (6)
If we parametrize the hyperboloid in terms of ‘polar angles’ as

¥ = (coshy cosg, coshy sing, sinhg)
then (6) is equivalent to

0, = 2(sinh6)6,. ¢, + (CoshP) ., @)
¢ = (sech)b,, + (sinhd)(¢,)? (8)
while if we parametrize in terms of a stereographic projection as
a= m(l —u? + 2%, 2u, 2v)
then (6) becomes
Uy = —Vyy — 2av(u§ + vf) + dauu, v, 9)
V= —Uy + Zau(uf + vf) — davu, vy (20)

wherea = (14 u? —v?»)~L.
Let us first look for static winding solutions, by solving (7), (8) withand ¢ being
functions ofx only. From (7) we obtain

¢, = Bseclfo (11)
where B is a constant; and then (8) integrates to

6, =V A+ B2sech o (12)

with A constant. For a winding solution, we wattx) to be non-monotonic, which requires
—B? < A < 0. Write A = —N?, where O< N < B. Then the solution of (12) is

0(x) = sinh ! (\/BZ/N2 — 1sin(Nx)) (13)

and this is periodic, with period2 provided N is an integer. Finallyg(x) is obtained
by integrating the smooth function (11). To check that we have a winding solution, it is
sufficient to compute

2
Ap = / B seclt 6 dx (14)
0
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we find thatA¢ = 27 N, and so we have a space-periodic static solution, with winding
numbern.

Note that if B = N in (13), thend = 0 and¢ = Nx: a solution which windsv
times around the ‘waist’ of the hyperboloid. The simplest time-dependent solution is a
generalization of this, namely = constantg$ = Nx + N2(sinh6)z.

For these solutions, the space is the circle; in fact, there are no travelling-wave
winding solutions forX = R. One can find a simple time-dependent solutionkorby
using the stereographic form (9), (10) of the equations. Let us look for solutions in which
o is a function ofx only, i.e. takeu? — v? = f(x)2. It follows from (9) and (10) that the
function g = vu, — uv, satisfies

g

9
25— 2¢—log(1+ f2).
o gax09(+f)

If we take the simplest solution of this, namely= 0, thenu andv must have the form
u(x,t) = f(x)coshi(r)
v(x,1) = f(x)sinhh(z).
Substituting these into (9), (10) give& &lr = —m constant, and
2 2
((jjx_é = —(1 42—ff2) <%> + mf. (15)
This has the first integral

2
(g) =c(1+ fH?—m@+ f?

wherec is an arbitrary constant. For winding solutions one needs 0. If ¢ = 0, one
obtains a solution which is equivalent to (18) below; so take 0, and scalex so that
¢ = 1. Now the requirement of winding imposes a restrictionmonnamelym < 1. For
m < 0 one obtains solutions which are similar to thosentok: 0, so let us take & m < 1.
Then the solution of (15) is

f(x) = v1—msdx|m) (16)
in the elliptic-function notation of [7]. The two limits of (16) are
f(x) =tanx form =0 an

and (after a shift inv)
f(x) = cosechx form =1 (18)

Therefore, we have a family of winding solutions parametrizednby [0, 1], with
h(t) = —mt and wheref(x) is specified in (16), (17) or (18). For (16) and (17), the
solution is periodic (i.eX = S'); while for (18) it lives onX = R.

A Lax pair corresponding to the equation (6) is as follows. Define sa 2 matrix
S e SL(2,R) by

G [ vt ¢2+w3]
yr—yd -yt
Then the consistency condition for the linear system
v, = ASV
W, = —A(2AS + S, ¥
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is exactly (6). Implementation of the inverse scattering transformXea R) producesV-
soliton solutions, and these turn out to have winding nunbem he solution corresponding
to (18), which in terms ofy? is

¥ = (1 — 2secBx, 2sech x sinhx coshr, —2 sech x sinhx sinhr)

is the simplest example: a stationary 1-soliton with winding numibet 1. These solitons
are closely related to those of the ‘standard’ Heisenberg model [8].

3. The hyperbolic sigma model

In terms of the(6, ¢) parametrization, the-model equations are

61 — Ox = — COS SiNhG (9?7 — $?) (19)

(¢ cosit 0), = (¢, cosif 0),. (20)
For the static problem, the equations (and hence their solutions) are the same as for the static
Heisenberg case of the previous section. What follows are some examples of time-dependent
winding solutions.

First, let us look for solutions o = S* for which ¢ = x. (To go to winding number

N > 1 is an easy generalization.) It follows from (19), (20) thas a function oft only,
satisfying

67 = ¢ + sinl? o
where c is an arbitrary constant. This is easily integrated in terms of elliptic functions.

Apart from the case = 0, the solutions have the property tlidt) reaches infinity in finite
time. An example is = 1, where the solution

0(r) = sinh *tanz

goes fromf = —oo to +oo asr goes from—n/2 to +7/2. Forc > 0 the solutions all
have this behaviour, whereas for< 0, &6 comes in from infinity, turns round, and goes out
again. In the limiting case = 0, the solution

0(r) = 2tanh X (k€)

includes the static cage= 0, and tends asymptotically tb= 0 asr — —oo.
Our second family of solutions arises from the ‘self-duality’ equations

¢ = (sechv)o;
¢, = (sechh)b,

which imply (19), (20). So¢ and u = 2tarrtexpd satisfy ¢, = u;, ¢ = ., and
are therefore ‘conjugate’ solutions of the{11)-dimensional wave equation. The general
solution is

p=fx+t)+gx—1)

p=flx+1—gk—r

where f and g are arbitrary functions. All winding solutions are defined only on a finite
time interval. For example, the choice

T T 1
f&) - 2 =g+ 7= Entanhé
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leads to
_ 7 sinh 2
¢= cosh X + cosh 2
T m sinh 2
I,L =

2 1 coshz +cosh2

which is a winding solution oiR (with unit winding number). However, bearing in mind
that we need &< u < 7, we see that it represents a smooth solution onlyjfok %Iog 3.

4. Positive-definite versions

In the systems discussed above, the metric on the target gpasendefinite:

ds? = 1, dyr® dy”
= —d#? + costt 6 dg?.

One can replace this by an analogous positive-definite metric on the cylinder, namely
ds? = d§? 4 coslf 0 dp?. (21)

The corresponding equations remain integrable, since they are obtained by simply making
the replacemenp — i¢p (and, for the Landau—Lifshitz case, alse> —it). We are still
thinking of ¢ as being a periodic coordinate (and looking for solutions which wind)in
as a consequence of thi# is no longer a symmetric space.

Let us briefly look at the corresponding ‘sigma model’. From the Lagrangian density

L = in"[(cosit )., + 6,6,]
one obtains the equations of motion

61 — Ox = COSHY SINNG ($? — ¢?)
(¢, costt 0), = (¢, costt 6),.

The most general static winding solution is néwe= 0, ¢ = Nx. This is what one would
expect: in the positive-definite case, the string will try to minimize its length, Gard 0

is where the cylinder is narrowest (with respect to the metric (21)). If we look for more
general solutions having = Nx, thené has to be a function of only, with

tanhg = /m sn(pt|m)

wherep andm are constants withh > |[N| andm = 1 — N?/p?. In other words, the string
oscillates between the valués = +tanh ™ \/m.

5. Concluding remarks

There are several examples of integrable elliptic systems of partial differential equations
admitting topological soliton solutions: for example, instantons in sigma modek amd
gauge theory oiR*, and BPS monopoles @k°. In these cases, there is no time dependence.
Analogous time-dependent examples (in other words, hyperbolic or parabolic systems,
rather than elliptic) are not as prevelant: in fact, sine-Gordon is the only well known
example. But many such integrable systems exist, and in this note we have briefly examined
a few of them. It might be of interest to study further the inverse scattering transforms for
these cases, and to try to attempt a general classification of systems of this type.
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